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jute on the use of approximation methods in general
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Austria
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Abstract. Using a perturbational technique, the advanced Green function of a scalar wave
equation in the background of a plane gravitational wave is calculated up to first oyder ina
parameter measuring the deviation of the metric from flat space-time. The result is shown
to coincide with the corresponding expansion with respect to this parameter of the known
exact Green function.

| bfroduction

Tepoblematic character of perturbational methods in general relativity is sometimes
seizd out by referring to the fact that the characteristics of the exact equations are
imysnull hypersurfaces with respect to the exact metric of space-time whereas, in an
wiive approach, the equations to be solved involve the zeroth order (e.g. Minkowski)
wticin every order of approximation (Bird and Dixon 1975).

hthispaper we consider the equation of a scalar, massless field in the background of
paegravitational wave where an exact Green function G is known (Giinther 1965).

Wewrite the metric g,, = 7, +€h,,, where 7, is the Minkowski tensor. This
®lesthat the geometrical quantities entering the expression for G are analytic in e.

V] 1
Yeempand the required geometrical objectsand Guptofirstorderine : G~ G+eG.

Gathe other hand, the field equations are expanded and solved up to order e. This
) 1] 1
Maexpression for G which coincides with G+ eG mentioned above.

T Green function in general
Tl wave equation in curved space~time reads
g9V, Vv, 0=0. (2.1
& . .
“_”“Ofat_lon #, v=0,1,2,3. The signature of glis (+ —~-). V, means the
@ derivation with respect to x*.)
ten function G is subject to

878" 4"V, V,G(x, x) = 6¥(x, x'). 2.2)
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240 R Beig
(Here we have defined g =|det g,.(x)], &' =|det g.-(x")| and
59, x)=6(x°—x%) 8(x' —x") 8(x*—x%) (x>~ x*).)

Now and henceforth we consider only a geodesically convex region of SPace-tin,
In such a region we can define the ‘word function’ o(x, x') as half of the geodesic
distance between the points x and x’. Furthermore,

A(x, xr) = g—l/Zgr—l/Zldet V”V,'O'I . (23)
Then the symmetric Green function G of equation (2.2) is given by
G =(8m) ' (A"*(x, x)8(0) — v(x, x)6(0)) (24

(8 denotes the step function).

In (2.4) v is a smooth solution of (2.1) satisfying certain boundary conditions (for
details see deWitt and Brehme 1960); v vanishes in flat space—time. Its non-vanishing
in general curved space-times indicates the failure of Huyghens’ principle in thee

spaces.
One can also define an advanced Green function by
G*(x, x")=26[x°, x°1G{(x, x") 25
and a retarded one by
G (x,x)=26[x°, x°1G(x, x) = G*(x', x) (26)

where 8[x%, x°] is equal to 1 when x' lies in the future of x and vanishes otherwise.

3. The world function up to order ¢ (following Synge 1960)

We have
Buv = Ny T €h,,,. (3.1

The points x and x’ are joined by a unique geodesic I’ with respect to g,, and by2
unique straight line C with respect to 7,,,. Let w be a parameter on the latter varying
from 0 to 1. Then the equation for C reads

2 =(1-w)x" +wx'™ (32

From the very definition of a geodesic we have

dz* dz” dz* dz* ) o
T = — - (33)
L 8 dw dw dw L 8 G A dw +0O(€e?):

Hence

= dw+0()

' :J' dz* dz” ,J’ dz* dz”
c g'"'dw dw

)=

(x'—x)*(x'—x)* J 8. dw+0(€?)
c

(34

[

(x’-—x)2+§(x’—x)“(x’—x)" J h,, dw +O(€”)
C
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(5= (x'= 1 ("= x) . It is a straightforward matter to calculate A" up
porter € from equation (3.4).

4 De Green function in a plane wave background

gomecoordinate systems the metric of a plane gravitational wave may be written as

1 0 0 O
0 -1 0 O _

&=l o “p=23 D
0 0 8ap

shere g5 18 @ negative definite matrix with

Zop = 8og(¥) (u=x"~x").

Using Hadamard’s theory of second-order hyperbolic equations it has been shown
{Ginther 1965) that, for this space-time, Huyghens’ principle applies to equation (2.1),
#iso=0. Thus

G=@8m)'A"*3(0). (4.2)
Upto the solution of a certain ordinary differential equation, o and hence A may be

witien down explicitly. This is not necessary for our purposes.
We prefer to write down o and A directly in the desired approximation. We have

8o = Bag T €N (4.3)
From the results of § 3 we deduce
y (x"‘x)z € (x,-x)a(x(_x) ¥ A ”
o(x, x') = 5t T BL hoe(u"ydu"+O(e?) (4.4)
1 w
AUZ_ + ( j ” n_ 1 ’ ) 2
l+e¢ __—”2(14’-1;) ) h(u"y du"—z(h(u")+ h(u)) } + O(€®) (4.5)
Mh:q“vh“v= 63h¢ﬁ

Teking for granted that v(x, x') =0

=(417)-19(u'—-u)[8<(x ;x) >+2 6((x ;x}2> u'iu r’ h(u") du”

€ 8((x ~x)

i =)

2
X (x'-x)a(x'—x)s-;,{—; [ hag (1") du”]. (4.6)

)(h(u’)+h(u))+ 5 (

L
s"'mgequahon (2.2) up to order ¢

Stitning (4 1

1)into (2.2) and developing up to order e yields the equation

3
(R O+ €220,) G = 5%z, x) (5.1)
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where [J=1"*9,3, and v=x"+x" (not to be mixed up with the above used o(x, 1))
We make the ansatz .

0 1
G =G +eG” (52

o -
where G is the advanced Green function of flat space—time:

° _ ~ , (xr _x)z
G'(x, x)=(4m)"'0(r' - 1) 5(( zx) ) (@4m)6(u'~u) a( 5 ) (53
satisfying
0
0G" =8, x). (54)
Then, again dropping terms of O(e?), equation (5.1) gives
! h , dah _\ @
0G = —58“)(x, x)+ (h(,,ga‘,a,3 —Ea") G (55)
Solving (5.5) by means of &* , We arriye at
1 0
G =—3h(u)G —08,85J,5 +3,J (6
where
0 n
I(x, x)= J &*x"G(x', x 9‘”(;(7,7 G*(x", x) (5.7
" L¢] 0
Jaﬂ(xy xr) = J’ d xllG*(xr’ xu)haﬂ(uu)G-f-(xn’ X). (58)

The evaluation of the integrals (5.7, 8) is performed in the Appendix. Using (A8}
we obtain

10(14

J(x, x)=(87) e[(' X)2(h(u) — h(u)) 69

Jslt, X)) = 8 )“"(“

2 pl(x— xy) f hos (') " 10
Substitution of (5.9, 10) in (5.6) yields

(x'=x)*
2

C1§+=(81r)"9(u’—u)[—%8( )(h(u’)+h(u))+8' ((i%x—)z) (x'~%)a

x(x’*x),;u,iu J;ul hog (") du"+8((x —x)° )u’iu ‘[‘u, h(u")d“"]'
5.1

1
Obviously, G™, as given by (5.11) and (4.6), respectively, are identical.
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Fially we remark that the procedure of this section would have worked also for t}_le
.4 Green function but not for the symmetric one. This is due to the fact tl}at—m
gater case—the integrals corresponding to J, J,s would contain terms which are
g for space-like separation of x and x'. This difficulty can be circumvented by

jghy writing
Glx, x) =3HG(x, x)+ G (x, x)) =3(G*(x', x)+ G™(x, x")). (5.12)

fpeniix

kintend to calculate the following integral:

(xr_xll)Z (xu_x)Z

fn1)= I d*x"0(u'—u") 5(—2—-) 0(u"—u) 8(—5—)]"@”). (A.1)

s arbitrary integrable function of u = x°—x’. Furthermore we define v = x°+x".
ng polar coordinates (p”, ¢") in the y"~z" plane, (A.1) may be written as

2w

ﬁ&I’)=0(u’_u) fu du” J’— dov” J; d(puZ) J;) | d¢” 8[(u/_ ull)(vl_ v")—(x'—x")a
X(x'=x")o] 8[(u" = u)(v" = v) = (x" = x)a (x"— X) o 1 f(K,x"™) (A.2)

sere k* is the null vector with components

k¥ =

OO = =

Adict evaluation of the integral (A.2) is practically impossible. We may, however,
®tehighsymmetry of H(x, x') to facilitate the task considerably. By asymmetry of H
Ruean an element L e £ for which H(Lx, Lx"y=H(x, x"). 1t is easy to see from
(U.‘Z‘) that this is equivalent to Lk = k. It is known (see, e.g., Jordan 1961) that this
“’m}on defines a three-dimensional subgroup U of £]. Within U there is the
Mmengional abelian subgroup of the so called ‘null rotations’. Using an explicit
Meesentation of the null rotations one can show that it is possible to choose the
Rmeters such that for the transformed vectors Lx = £ and Lx' = '

L=X  (@=2,3). (A.3)
Yyte definition of the L’s we also have

!

U=y a=u' (A.4)

-.&’;‘)k';‘l‘lgfin X coordinates instead of x coordinates highly simplifies the integrations
 In fact,

)= H(z, 7)< g - ) J

u

u’ © «© 27
du” I dl-)" J d(ﬁHZ) J d&”
~c0 o] 0

X 8w~ u")(@' = 5") - 5] 8[(u"~ u)(#"~ 5) - 5"If(w").  (A.5)
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A straightforward calculation yields

(u'—u) J"" du” 0((u'— W) (u"—u) (o' - ﬁ))f(u")

H(ix, x)= 211*—;;_—-

u u'—u

= 21r"—f"f_'—u“) (5"~ %) f du” fu").
Using the definition of £ coordinates, we have

(@~ @) — )= W' —u) (& —5) = (¥ - £’ = (x' - x)°.
Hence we may write for (A.6)

H(x,x)= Zno—(:,,j—u—u—) 6[(x'—x)*] J’ du” f(u").
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